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• Conceptually simple
• Efficiently implemented on (massively) parallel super-computers
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1st Remark 
Normalization: the Vlasov-Maxwell (relativistic) description  
provides us with a set of natural units
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Vlasov Eq. is a partial differential equation (PDE) in Ns+Nv phase-space: 

Direct integration (Vlasov codes) has tremendous computational cost!

The PIC ansatz consists in decomposing the distribution fct:

fs(t,x,p) =
NX

p=1

wp S(x� xp(t)) �(p� pp(t))

Shape-function Dirac-distribution
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The Particle-In-Cell method integrates Vlasov Equation  
along the trajectories of so-called quasi-particles



2nd Remark 
The Particle-In-Cell method integrates Vlasov Equation 
along the trajectories of so-called quasi-particles

Injecting this ansatz in Vlasov Eq., multiplying by     and integrating over all momentap p
NsX

p=1

wp
pp

ms�p
pp ·

⇥
@xpS(x� xp) + @xS(x� xp)

⇤

+
NsX

p=1

wp S(x� xp) [@tpp � qs (E+ vp ⇥B)] = 0

Let us now integrate in space:
NsX

p=1

wp
pp

ms�p
pp ·

Z
dx

⇥
@xpS(x� xp) + @xS(x� xp)

⇤

+
NsX

p=1

wp

Z
dxS(x� xp) [@tpp � qs (E+ vp ⇥B)] = 0

@tpp = qs (Ep + v ⇥Bp)

Finally leading to solving for all p:
with (E,B)p ⌘

Z
dx (E,B)(x)S(x� xp)
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Take the divergence of Maxwell-Ampère’s Eq. :
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<latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit>

,
<latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit>

Assume charge is conserved, i.e., @t⇢+r · J = 0
<latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit>



3rd Remark 
If one does things in a smart way, only Maxwell-Ampère 
& Maxwell-Faraday Eqs. need to be solved

Take the divergence of Maxwell-Ampère’s Eq. :
r · (@tE+ J = r⇥B)

<latexit sha1_base64="LxOXudg1rwfba8Jg7X89kdSdLLo="></latexit><latexit sha1_base64="LxOXudg1rwfba8Jg7X89kdSdLLo="></latexit><latexit sha1_base64="LxOXudg1rwfba8Jg7X89kdSdLLo="></latexit><latexit sha1_base64="LxOXudg1rwfba8Jg7X89kdSdLLo="></latexit>

@tr ·E+r · J = 0
<latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit>

,
<latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit>

Assume charge is conserved, i.e., @t⇢+r · J = 0
<latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit>

One gets: @t(r ·E� ⇢) = 0
<latexit sha1_base64="CpsL09UBDxu5xNYCkMt9wxNn+Y0=">AAACE3icbVA9SwNBEN3zM8avqKXNYhAiYrgTQS2EgAiWCkaFXAhzm71kyd7usTsnhCM/wsa/YmOhYmtj579xE1No9MHA470ZZuZFqRQWff/Tm5qemZ2bLywUF5eWV1ZLa+vXVmeG8TrTUpvbCCyXQvE6CpT8NjUckkjym6h3OvRv7rixQqsr7Ke8mUBHiVgwQCe1SrthCgYFyBbSSqggkhCytsY8jGJ6NqB7NDRdvUNPqE9bpbJf9Uegf0kwJmUyxkWr9BG2NcsSrpBJsLYR+Ck28+FCJvmgGGaWp8B60OENRxUk3Dbz0VMDuu2UNo21caWQjtSfEzkk1vaTyHUmgF076Q3F/7xGhvFRMxcqzZAr9r0oziRFTYcJ0bYwnKHsOwLMCHcrZV0wwNDlWHQhBJMv/yX1/epxNbg8KNdq4zQKZJNskQoJyCGpkXNyQeqEkXvySJ7Ji/fgPXmv3tt365Q3ntkgv+C9fwEZMpx4</latexit><latexit sha1_base64="CpsL09UBDxu5xNYCkMt9wxNn+Y0=">AAACE3icbVA9SwNBEN3zM8avqKXNYhAiYrgTQS2EgAiWCkaFXAhzm71kyd7usTsnhCM/wsa/YmOhYmtj579xE1No9MHA470ZZuZFqRQWff/Tm5qemZ2bLywUF5eWV1ZLa+vXVmeG8TrTUpvbCCyXQvE6CpT8NjUckkjym6h3OvRv7rixQqsr7Ke8mUBHiVgwQCe1SrthCgYFyBbSSqggkhCytsY8jGJ6NqB7NDRdvUNPqE9bpbJf9Uegf0kwJmUyxkWr9BG2NcsSrpBJsLYR+Ck28+FCJvmgGGaWp8B60OENRxUk3Dbz0VMDuu2UNo21caWQjtSfEzkk1vaTyHUmgF076Q3F/7xGhvFRMxcqzZAr9r0oziRFTYcJ0bYwnKHsOwLMCHcrZV0wwNDlWHQhBJMv/yX1/epxNbg8KNdq4zQKZJNskQoJyCGpkXNyQeqEkXvySJ7Ji/fgPXmv3tt365Q3ntkgv+C9fwEZMpx4</latexit><latexit sha1_base64="CpsL09UBDxu5xNYCkMt9wxNn+Y0=">AAACE3icbVA9SwNBEN3zM8avqKXNYhAiYrgTQS2EgAiWCkaFXAhzm71kyd7usTsnhCM/wsa/YmOhYmtj579xE1No9MHA470ZZuZFqRQWff/Tm5qemZ2bLywUF5eWV1ZLa+vXVmeG8TrTUpvbCCyXQvE6CpT8NjUckkjym6h3OvRv7rixQqsr7Ke8mUBHiVgwQCe1SrthCgYFyBbSSqggkhCytsY8jGJ6NqB7NDRdvUNPqE9bpbJf9Uegf0kwJmUyxkWr9BG2NcsSrpBJsLYR+Ck28+FCJvmgGGaWp8B60OENRxUk3Dbz0VMDuu2UNo21caWQjtSfEzkk1vaTyHUmgF076Q3F/7xGhvFRMxcqzZAr9r0oziRFTYcJ0bYwnKHsOwLMCHcrZV0wwNDlWHQhBJMv/yX1/epxNbg8KNdq4zQKZJNskQoJyCGpkXNyQeqEkXvySJ7Ji/fgPXmv3tt365Q3ntkgv+C9fwEZMpx4</latexit><latexit sha1_base64="CpsL09UBDxu5xNYCkMt9wxNn+Y0=">AAACE3icbVA9SwNBEN3zM8avqKXNYhAiYrgTQS2EgAiWCkaFXAhzm71kyd7usTsnhCM/wsa/YmOhYmtj579xE1No9MHA470ZZuZFqRQWff/Tm5qemZ2bLywUF5eWV1ZLa+vXVmeG8TrTUpvbCCyXQvE6CpT8NjUckkjym6h3OvRv7rixQqsr7Ke8mUBHiVgwQCe1SrthCgYFyBbSSqggkhCytsY8jGJ6NqB7NDRdvUNPqE9bpbJf9Uegf0kwJmUyxkWr9BG2NcsSrpBJsLYR+Ck28+FCJvmgGGaWp8B60OENRxUk3Dbz0VMDuu2UNo21caWQjtSfEzkk1vaTyHUmgF076Q3F/7xGhvFRMxcqzZAr9r0oziRFTYcJ0bYwnKHsOwLMCHcrZV0wwNDlWHQhBJMv/yX1/epxNbg8KNdq4zQKZJNskQoJyCGpkXNyQeqEkXvySJ7Ji/fgPXmv3tt365Q3ntkgv+C9fwEZMpx4</latexit>



3rd Remark 
If one does things in a smart way, only Maxwell-Ampère 
& Maxwell-Faraday Eqs. need to be solved

Take the divergence of Maxwell-Ampère’s Eq. :
r · (@tE+ J = r⇥B)

<latexit sha1_base64="LxOXudg1rwfba8Jg7X89kdSdLLo="></latexit><latexit sha1_base64="LxOXudg1rwfba8Jg7X89kdSdLLo="></latexit><latexit sha1_base64="LxOXudg1rwfba8Jg7X89kdSdLLo="></latexit><latexit sha1_base64="LxOXudg1rwfba8Jg7X89kdSdLLo="></latexit>

@tr ·E+r · J = 0
<latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit><latexit sha1_base64="imD9vJizGCG+U84pAXpsJ0GXtwk=">AAACInicbVDJSgNBEO2JW4xb1KOXxiAIQpgRwQWEgAjiKYIxQiaEmk5P0qSnZ+iuEcKQf/Hir3jx4HYS/Bg7y0ETHxQ83quiql6QSGHQdb+c3Nz8wuJSfrmwsrq2vlHc3LozcaoZr7FYxvo+AMOlULyGAiW/TzSHKJC8HvQuhn79gWsjYnWL/YQ3I+goEQoGaKVW8cxPQKMA2ULqKwgkUJ+1Y6SZH4T0ckAP/pGvB/Scuq1iyS27I9BZ4k1IiUxQbRU//HbM0ogrZBKMaXhugs1suJ9JPij4qeEJsB50eMNSBRE3zWz044DuWaVNw1jbUkhH6u+JDCJj+lFgOyPArpn2huJ/XiPF8KSZCZWkyBUbLwpTSTGmw8BoW2jOUPYtAaaFvZWyLmhgaGMt2BC86ZdnSe2wfFr2bo5KlcokjTzZIbtkn3jkmFTIFamSGmHkkTyTV/LmPDkvzrvzOW7NOZOZbfIHzvcPVGqiXA==</latexit>

,
<latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit><latexit sha1_base64="iOw7YmAr+4gcX6HqZt2jhstj9nI=">AAAB93icbVBNS8NAEN3Ur1o/GvXoZbEInkoignorePHgoYKxhTaUzXbTLt3sht2JUkN/iRcPKl79K978N27bHLT1wcDjvRlm5kWp4AY879sprayurW+UNytb2zu7VXdv/96oTFMWUCWUbkfEMMElC4CDYO1UM5JEgrWi0dXUbz0wbbiSdzBOWZiQgeQxpwSs1HOr3RsWg+aDIRCt1WPPrXl1bwa8TPyC1FCBZs/96vYVzRImgQpiTMf3UghzooFTwSaVbmZYSuiIDFjHUkkSZsJ8dvgEH1ulj2OlbUnAM/X3RE4SY8ZJZDsTAkOz6E3F/7xOBvFFmHOZZsAknS+KM4FB4WkKuM81oyDGlhCqub0V0yHRhILNqmJD8BdfXibBaf2y7t+e1RqNIo0yOkRH6AT56Bw10DVqogBRlKFn9IrenCfnxXl3PuatJaeYOUB/4Hz+AKAOk0M=</latexit>

Assume charge is conserved, i.e., @t⇢+r · J = 0
<latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit><latexit sha1_base64="zTAP8yLWV0DmxWIHTkKJ80sA/vw=">AAACE3icbVBNSxxBEO1ZNdHVJKsevRQugrCwzIRAkkNgwUvwpOCqsDMsNb09u832dA/dNYFl2B/hJX8lFw9RvHrJLf/G3nUOfj0oeLxXRVW9tFDSURj+Dxorq2vv3q9vNDe3Pnz81NreOXemtFz0uVHGXqbohJJa9EmSEpeFFZinSlyk06OFf/FLWCeNPqNZIZIcx1pmkiN5adjqxAVakqiGBLGdGOhArDFVCDEfGYIqTjM4nsMPCGHYaofdcAl4TaKatFmNk2HrXzwyvMyFJq7QuUEUFpRUi4VciXkzLp0okE9xLAaeasyFS6rlU3M48MoIMmN9aYKl+nSiwty5WZ76zhxp4l56C/Etb1BS9i2ppC5KEpo/LspKBWRgkRCMpBWc1MwT5Fb6W4FP0CInn2PThxC9fPk16X/ufu9Gp1/avV6dxjrbY/vskEXsK+uxn+yE9RlnV+wP+8tugt/BdXAb3D22NoJ6Zpc9Q3D/APxBnGo=</latexit>

One gets: @t(r ·E� ⇢) = 0
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If at time t=0, Poisson & Gauss Eqs. are satisfied, 
and if current deposition is made in a way that conserve charge,
then solving only Maxwell-Ampère & Maxwell-Faraday ensures
that both Eqs. remain satisfied at later time.
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Initialization of a PIC simulation

3) knowing the charge density solve Poisson’s Eq. to get 
    the electrostatic field

1) for each species of your plasma, create your quasi-particles
e.g. defining the species density, velocity and temperature profiles

4) add any (user defined) external fields provided they are divergence-free

E,B

2) loop over all particles and project charge and current density
    onto the grid
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The Particle-In-Cell loop

Solve Maxwell’s Eqs.

@tE = �J+r⇥B

@tB = �r⇥E

Gather fields at particle position

[E,B] ! [Ep,Bp]

E,B

⇢,J

�t

Push all particles

dtup =
qs
ms

FL

dtxp = up/�p
8p

Project current densities on grid*

* using a charge conserving scheme

[xp,pp] ! [⇢,J]
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Step 3
Charge-conserving current deposition scheme are available
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In 1D, current deposition is easily done directly from charge conservation:

while other component are ‘directly’ projected onto the grid (see interpolation)
@xJx = �@t⇢

Esirkepov, Comp. Phys. Comm. 135, 144 (2001)
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a popular method for solving Maxwell’s Equations

A. Taflove, Computation electrodynamics: The finite-difference time-domain method, 3rd Ed. (2005)
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Outlines

• Numerical approach: how to build your PIC code

• High-performance computing:  
 getting ready for the super-computers

• Some physics highlights: what you can do with a PIC code

• Additional modules: beyond the collisionless plasma



Parallelization is mandatory for large-scale PIC simulation



Parallelization is mandatory for large-scale PIC simulation

PIC cells

Large scale PIC simulation of 
magnetic reconnection at the earth magnetopause

ne

nr

t = 220⌦�1
ci

t = 370⌦�1
ci

t = 800⌦�1
ci

y
!
p
i/
c

x!pi/c

1280 c
!pi

⇥ 256 c
!pi

25600⇥ 10240

Simulation box:

run up to t = 800⌦�1
ci

Nt ⇠ 9.5⇥ 105 timesteps
for a total of 22⇥ 109 quasi-particles.



Parallelization is mandatory for large-scale PIC simulation

PIC cells

Large scale PIC simulation of 
magnetic reconnection at the earth magnetopause

ne

nr

t = 220⌦�1
ci

t = 370⌦�1
ci

t = 800⌦�1
ci

y
!
p
i/
c

x!pi/c

1280 c
!pi

⇥ 256 c
!pi

25600⇥ 10240

Simulation box:

run up to t = 800⌦�1
ci

Nt ⇠ 9.5⇥ 105 timesteps
for a total of 22⇥ 109 quasi-particles.

Required simulation time: 
14 000 000 hours ~ 1600 years!!!



Parallelization is mandatory for large-scale PIC simulation

PIC cells

Large scale PIC simulation of 
magnetic reconnection at the earth magnetopause

ne

nr

t = 220⌦�1
ci

t = 370⌦�1
ci

t = 800⌦�1
ci

y
!
p
i/
c

x!pi/c

1280 c
!pi

⇥ 256 c
!pi

25600⇥ 10240

Simulation box:

run up to t = 800⌦�1
ci

Nt ⇠ 9.5⇥ 105 timesteps
for a total of 22⇥ 109 quasi-particles.

Required simulation time: 
14 000 000 hours ~ 1600 years!!!

Solution:
share the work on 16384 CPUs !!!
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Parallelism*
  massive  
  hybrid MPI-OpenMP
  dynamic (load balance)

Memory
  shared vs. distributed  
  cache use
Vectorization**
  SIMD
Parallel I/O
  hdf5, openPMD

*Derouillat et al., Comp. Phys. Comm. 222, 351 (2018)
**Beck et al., arXiv:1810.03949
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Hybrid + Dynamic Load Balancing

Speed-up x8
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Step 2: Vectorization 
Vectorization in a nutshell

Beck et al., arXiv:1810.03949

Smart (particles) operators:
- interpolator, pusher, projector  

Smart (particles) data structures:
- beware random mem. access 
- contiguous memory 
- sort at all times! 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Step 2: Vectorization 
Weibel-mediated collisionless shocks 
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Collisions are computed inside the cell

To avoid the N-body problem, quasi-particles in the cell are randomly “paired”
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�
A single particle goes through many (           ) collisions at small angle 
which translates in a total deflection angle     (not necessarily small)

N � 1 ✓

�

1
2

Nanbu, Phys. Rev. E 55, 4642 (1997); J. Comp. Phys. 145, 639 (1998) 
F. Pérez et al., Phys. Plasmas 19, 083104 (2012)

for each pair (Monte-Carlo)  
- compute the collision rate 
- compute the deflection angle
- deflect one or both particles



PIC codes are then able to treat purely collisional processes

J. Derouillat et al., SMILEI: a collaborative, open-source, multi-purpose PIC code for plasma simulation,  
to be submitted (available upon request)

Thermalization
(hydrogen plasma)

Isotropization
(electron plasma)



Similarly field and collisional ionization can be treated using
a Monte-Carlo approach

R. Nuter et al., Phys. Plasmas 18, 033107 (2011); F. Pérez et al., Phys. Plasmas 19, 083104 (2012)
J. Derouillat et al., SMILEI: a collaborative, open-source, multi-purpose PIC code for plasma simulation,  
to be submitted (available upon request)
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Even 1D simulation can bring a deep insight into the physics at play

Relativistically-Induced Transparency

E. Siminos et al., Phys. Rev. E  86, 056404 (2012)

Weibel instability in the presence
of an external magnetic field

A. Grassi et al., Phys. Rev. E  (in press)
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PIC codes can help design & interpret experimental campaigns
2D and 3D simulations on super-computers will be necessary here

Laser wakefield acceleration 
of electrons

A. Sävert et al., Phys. Rev. Lett. 115, 055002 (2015)

High-harmonic generation
& electron acceleration from

laser-solid interaction

G. Bouchard, F. Quéré, CEA/IRAMIS
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PIC codes are very versatile: they can be applied to a wide range
of physical scenarii, from laser-plasma interaction to astrophysics

Pair production on 
multi-petawatt laser facilities

M. Lobet et al.,  arXiv:1510.02301v2 (2015)

Relativistic shocks
in electron-positron plasmas

Plotnikov, Grassi & Grech, MNRAS 
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Conclusions

• PIC codes are very popular, versatile & efficient tools 
for plasma simulation

• The PIC method is conceptually simple & can be efficiently  
implemented in a (massively) parallel framework

• Implementation on new & future architectures requires 
a strong input (co-development) from HPC specialists

• A large variety of physical problems can be addressed 
using PIC codes

• Additional physics modules can be implemented in PIC codes,  
but the physics cannot be scaled anymore (    needs to be defined!)!r
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