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Typical scales of CED and QED
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Energy scale                                          

Momentum scale

Length scale

Time scale

Field scale

Intensity scale

E = mc2 = 0.5 MeV

CED QED

Electron rest energy

Classical electron radius

(Thomson cross section)

          Compton length

(Heisenberg uncertainty principle)

r0 = e2/mc2 = 2.8⇥ 10�13cm �C = ~/p = 3.9⇥ 10�11cm

r0/c = 10�23 s �C/c = 1.3⇥ 10�21 s

Critical field CED Critical field QED

E0 = E/er0 = 1.8⇥ 1018V/cm ES = E/e�C = 1.3⇥ 1016V/cm

I0 = cE2
0/4⇡ = 8.6⇥ 1033W/cm2 IS = cE2

S/4⇡ = 4.6⇥ 1029W/cm2

p = E/c = 0.5 MeV/c



Incoherent and coherent QED processes
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Incoherent QED processes

Pair production

Photon production

Annihilation

Comptonization

Coherent QED processes

Non-linear Breit Wheeler, trident, non linear Compton
Schwinger mechanism, vacuum polarisation
Photon splitting
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Cross section

Probability rate

dP/dt ⇠ (↵c/�C)f(E/ES , E)



T. Grismayer | Les Houches 2019

Orders of magnitude…

QED Photons interaction

ELI

‣ Pulse duration : 30-150 fs
‣ Focal width ~ μm
‣ Intensity ~1021 - 1025 W/cm2

‣ Extreme acceleration regime

Near-future facilities

New facilities open possibilities to
explore exotic physics.

Normalised vector potential a0

‣ non relativistic 
a0<<1     I <<1018 W/cm2

‣ weakly nonlinear, relativistic 
a0 ~ 1       I ~ 1018 W/cm2

‣ relativistic, nonlinear  
a0 ~ 10       I ~ 1020 W/cm2

‣ QED
a0 ~ 1000     I ~ 1024W/cm2

a0 =
eA

mc2
=

�
2e2�2

0I

⇥n2
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Radiation Reaction in CED

Larmor’s formula: instantaneous emitted power for non relativistic particle

Thomson scattering: dipole approximation

incident wave                               averaged power              averaged Poynting flux 

Radiation reaction: the force acting on a particle by virtue of the radiation it produces ?
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Radiation Reaction in CED
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Dipole radiation pattern



Different approaches of calculating the damping force 
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 [Bell 2008]

[Landau & Lifshitz 1951]

[Sokolov 2009]

[Hededal 2008]

[Ford 1993]
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Table 1. Equations of motion with radiation cooling: FL - Lorentz force;
p, e, m - particle momentum, charge and mass, � - relativistic factor; E,B
- electromagnetic fields, c - speed of light, t - time.
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- electromagnetic fields, c - speed of light, t - time.
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Table 1. Equations of motion with radiation cooling: FL - Lorentz force;
p, e, m - particle momentum, charge and mass, � - relativistic factor; E,B
- electromagnetic fields, c - speed of light, t - time.

Motivation~40% energy loss for 1 GeV beam at 1021 W/cm2Radiation reaction models
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Landau & Lifshitz

Reduced L&L is best for PIC
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With radiation reaction

L&L reduced
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OSIRIS 4.0

osiris framework
· Massivelly Parallel, Fully Relativistic  

Particle-in-Cell (PIC) Code 
· Visualization and Data Analysis 

Infrastructure
· Developed by the osiris.consortium

⇒  UCLA + IST

Ricardo Fonseca
ricardo.fonseca@tecnico.ulisboa.pt
Frank Tsung
tsung@physics.ucla.edu

http://epp.tecnico.ulisboa.pt/  
http://plasmasim.physics.ucla.edu/

code features

· Scalability to ~ 1.6 M cores
· SIMD hardware optimized
· Parallel I/O
· Dynamic Load Balancing
· Classical radiation reaction

· Particle merging
· GPGPU support
· Xeon Phi support
· QED Module

·

O i ir ss
3.0O i ir ss
3.0

O i ir ss
3.0

mailto:ricardo.fonseca@ist.utl.pt?subject=
mailto:tsung@physics.ucla.edu?subject=
http://epp.tecnico.ulisboa.pt
http://plasmasim.physics.ucla.edu/
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PIC loop with classical radiation reaction

PARTICLES

GRID

Integration of equations of motion: 
moving particles

Integration of field equations: 
updating fields

Deposition:                            
calculating current on grid

Interpolation:                            
evaluating force on particles

Fp � up � xp

(E,B)i � Ji

(E,B)i � Fp (x,u)p � ji
�t

T. Grismayer | Les Houches 2019
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Energy loss in simple setup
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~ 40% energy loss for a 1 GeV beam at 1021 W/cm2

M. Vranic et al., PRL 113, 134801 (2014) 

Full-scale 3D classical radiation reaction

Laser wakefield accelerator 
in bubble regime

Second laser
I ~ 1021 W/cm2 

Accelerated 
electrons

X-ray detector



 Classical RR shrinks beam energy spectrum* 

* M. Vranic et al., PRL (2014), S. Yoffe et al., NJP (2015), E. Esarey NIMPR (2000), M. Tamburini NIMPR (2010)

Before 
interaction

After interaction
I ~ 4x1021 W/cm2 After interaction

I ~ 1021 W/cm2 

In quantum interaction we expect energy spread and divergence to grow**

** T. G. Blackburn et al, PRL (2014) D. G. Green et al, PRL (2014),  N. Neitz et al, PRL 111, 054802 (2013)
T. Grismayer | Les Houches 2019
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 Energy loss versus intensity

10 PW
1 PW

M. Vranic et al., PRL 113, 1348001(2014)
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 Anomalous radiative trapping
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A. Gonoskov et al., PRL 113, 014801(2014)
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QED radiation reaction

γ
Classical:

QED: � ' 1

Photon emission has a 
probabilistic character.

Radiation reaction is discrete.

Energy spread and divergence 
are expected to grow*. 

2.1 Introduction 27

depend on the parameter c, and also on the field invariants f = F2
µn

/E2
s and g =

F⇤
µn

F
µn

/E2
s . If the conditions

f , g ⌧ 1; f , g ⌧ c

2 (2.6)

are satisfied, the QED probabilities can be considered a function of c only and the
contribution of invariants can be neglected. The first condition in (2.6) is trivially
satisfied because all the fields we can achieve are orders of magnitude smaller than
the Es, while the second condition depends on the particle energy and is more easily
satisfied for relativistic particles [68].

Electron interaction with the field of an intense electromagnetic wave leads to ef-
fects that have nonlinear dependence on the photon number density if the parameter
a0 & 1, and to nonlinear quantum effects if the parameter c & 1. The simplest example
of such a process is the photon emission by an electron which has a classical limit.

Many different QED processes can occur in the presence of strong field. However,
in this work, we are interested in studying the processes with highest probability in
QED cascades [70]. These are photon emission by particles in strong electromagnetic
field and the Breit-Wheeler pair production by energetic photons in the presence of
the strong field. Other possible processes such as trident process [71] or spontaneous
pair production in vacuum described by Eq. (2.2) have substantially lower probability
rates and therefore will not be considered here.

The parameter c that determines if classical or QED interactions dominate the
physics was defined by Eq. (2.3) for electrons, but this definition can be extended
to photons by using the wave 4-vector kµ instead of particle 4-momentum pµ:

c
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q
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For electrons, we express the ce also as a function of 3-vectors and the background
electric and magnetic field vectors:
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The differential probability rate of photon emission by nonlinear Compton scatter-
ing is then given [72–74] by
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where c̃ = 2x/(3ce(1� x)) and x = c
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/ce. This gives the total radiated power of
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[60]:
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aE2

p

2

•
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✓
�pnm2
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◆
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According to Bohr [67] it is impossible to produce a field strong enough to impart
on an electron energy of mc2 over the Compton length. This hypothesis has not been
confirmed or rejected yet because the existing fields in the laboratory are orders of
magnitude smaller than Es. Nevertheless, we can observe the nonlinear quantum
effects in weaker fields E ⌧ Es by using ultra relativistic particles with momentum
p ⇠ mcEs/E in carefully chosen direction such that the field in the particle rest frame
approaches the value of Es. Regardless of the field form in laboratory frame, in the rest
frame of a relativistic particle the background electromagnetic field can be represented
as a field of a plane wave to a certain approximation. This motivated a lot of research
in understanding the interaction of plane waves and particles performed by Ritus and
Nikishov and others ( [68] and references therein ).

The probabilities of various processes in an electromagnetic plane wave are based
on Volkov [69] states where the quantum-transition probability is evaluated taking
into account the interaction between the particle and the background wave exactly.
The interaction of photons emitted with the particles is then accounted for by pertur-
bation theory. The total probability of a process by a single particle is relativistically
invariant and depends on two invariant parameters:

a0 =
eE

mcw0
, c =

q
(p

µ

Fµn)2

Es mc
(2.3)

The parameter a0 is known to us as normalised vector potential, and represents the
work performed by the field over one wavelength divided by electron rest energy mc2;
it can also be presented as the ratio of the field work over the Compton length to the
energy of the field quantum h̄w. The average kinetic momentum ( or quasi-momentum
) of a particle in a plane wave is given by

qµ = pµ +
a2

0 m2c4

2 (k · p)
kµ (2.4)

where pµ is particle 4-momentum outside of the wave, m is the particle mass kµ is the
wave 4-vector and k · p stands for the scalar product kµ p

µ

. In the presence of a field
like this, the conservation laws apply to the quasi-momentum instead of the initial 4-
momentum of the particles. As a consequence of modified 4-momentum, the effective
mass of the particle in a background plane wave becomes

m2
⇤ = m2(1 + a2

0). (2.5)

At a0 � 1, the probabilities of the processes in a plane wave reduce to the ones in
constant electric and magnetic fields where ~E ? ~B and E = B. These probabilities

CHAPTER 2

QED RADIATION REACTION AND CASCADES

2.1 INTRODUCTION

In the previous chapter we have dealt with classical radiation reaction, the first correc-
tion to the linear Maxwell electrodynamics in the presence of strong electromagnetic
fields. This chapter introduces quantum effects in the analysis of particle dynamics in
strong fields and is mainly concerned with the transition regime between the classical
and quantum radiation reaction.

To identify if the interaction is classical or not, we can use the characteristic value
of electromagnetic field in quantum electrodynamics:

Es =
m2c3

eh̄
=

mc2

elC
(2.1)

which is called the Schwinger field [60]. This field performs a work equal to elec-
tron rest energy mc2 over a Compton length h̄/mc and corresponds to the intensity of
⇠ 1025 W/cm2. It enters as a characteristic parameter in nonlinear quantum electro-
dynamics effects which reach their optimum values in fields on the order of Es.

The interest in physics at high intensities rises in the very beginning of quantum
electrodynamics when Klein [61] showed there is probability of passage of a Dirac
electron through an arbitrarily high potential barrier, which Sauter [62] showed to be
exponentially small if the electric field inside the barrier is small compared to E ⌧ Es
and on the order of unity only at E ⇠ Es. Nonlinear effects in quantum electrody-
namics were further analysed by Euler, Heisenberg, Weisskopf, Schwinger [63–66]
and many others. One of the most striking nonlinear effects predicted was electron-
positron pair production in vacuum whose probability was calculated by Scwinger

e
� , ~p2

e�, ~p1

* T. G. Blackburn et al, PRL (2014) D. G. Green et al, PRL (2014),  
N. Neitz et al, PRL 111, 054802 (2013)
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QED parameters

Quantum recoil
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Radiation Reaction

Different types of Radiation reaction models

Continuous damping rate*

QED probabilistic approach** 

* Landau & Lifshitz (Theory of Fields)
** A.I. Nikishov & V.I. Ritus (1967),  N.P. Kelpikov (1954),  V.N. Baier & V.M. Katkov (1967)

Implementation in PIC codes

• Continuous damping rate: particle pusher with Frad

•  QED probabilistic approach: particle pusher + Monte Carlo 
module    

- every Δt : probability of photon emission
- Select a photon in QED synchrotron spectrum
- Update particle momentum due to quantum recoil

•  The QED approach can be generalized to any external EM 
fields under the conditions: 

- quasi-static fields 
- weak fields

f = F 2
µ�/E

2
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µ�Fµ�/E
2
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Synchrotron Spectrum

Emission rate
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Implementation of QED effects
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Quantum effects are strongest for the case of 
counter-propagation

3
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Suppl. Fig. 1. Benchmark beam interaction with the laser. Transverse momentum space vs.
longitudinal position during the electron beam-laser interaction a) without RR and b) with RR. The axis
for p2 is the same as for p3 and is omitted for better visibility. Transverse momentum space p2�p3 without
RR c) before, d) during and e) after the interaction. Transverse momentum space p2 � p3 witho RR f)
before, g) during and h) after the interaction

LIMITATIONS OF THE COMPUTATIONAL METHOD

Standard particle-in-cell method does not take into account short-range Coulomb collisions, while
long-range interaction is correctly accounted for. There are techniques to include binary collisions in
the algorithm, and OSIRIS has this option, but in most cases it is not necessary to include it because
the level of plasma collisionality is low. We have estimated the role of electron-electron collisions
and electron-ion collisions for the parameters in our simulations. The background plasma electron
collisions can be neglected because of the low density, while the background ions are immobile
in this timescale. What needs to be verified is the role of electron-electron collisions within the
accelerating beam that is the densest part of the simulation, and the potential influence of the ion
column on the accelerating beam (the accelerating bubble is void of background plasma electrons).
For a typical electron bunch (density ⇠ 0.1ncr, energy ⇠ 1 GeV and radius ⇠ µm), the total
electric force on one electron due to the self-fields of the whole bunch has the order F ⇠ 3⇥ 10�16

N [4]. In a time scale relevant for our simulations, this force could cause a displacement of about
10 pm, which is negligible compared with the scale of particle dynamics that is on the order of µm.
The interactions with the ion column can lead to emittance growth, but for the same conditions
this can also be neglected [5].

When using Landau&Lifshitz (or any other semi-classical treatment for radiation reaction), one
needs to ensure that the pair production does not play a role and that the energy loss of the electron
in a single Compton scattering is small compared with its total energy. Otherwise, the electron
energy cannot be considered a smooth function and semi-classical models assume continuous energy
loss. The regime of the interaction depends on the laser intensity, duration, the electron energy
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[60]:

W =
aE2

p

2

•

Â
n=1

n�2 exp
✓
�pnm2

eE

◆
. (2.2)

According to Bohr [67] it is impossible to produce a field strong enough to impart
on an electron energy of mc2 over the Compton length. This hypothesis has not been
confirmed or rejected yet because the existing fields in the laboratory are orders of
magnitude smaller than Es. Nevertheless, we can observe the nonlinear quantum
effects in weaker fields E ⌧ Es by using ultra relativistic particles with momentum
p ⇠ mcEs/E in carefully chosen direction such that the field in the particle rest frame
approaches the value of Es. Regardless of the field form in laboratory frame, in the rest
frame of a relativistic particle the background electromagnetic field can be represented
as a field of a plane wave to a certain approximation. This motivated a lot of research
in understanding the interaction of plane waves and particles performed by Ritus and
Nikishov and others ( [68] and references therein ).

The probabilities of various processes in an electromagnetic plane wave are based
on Volkov [69] states where the quantum-transition probability is evaluated taking
into account the interaction between the particle and the background wave exactly.
The interaction of photons emitted with the particles is then accounted for by pertur-
bation theory. The total probability of a process by a single particle is relativistically
invariant and depends on two invariant parameters:

a0 =
eE

mcw0
, c =

q
(p

µ

Fµn)2

Es mc
(2.3)

The parameter a0 is known to us as normalised vector potential, and represents the
work performed by the field over one wavelength divided by electron rest energy mc2;
it can also be presented as the ratio of the field work over the Compton length to the
energy of the field quantum h̄w. The average kinetic momentum ( or quasi-momentum
) of a particle in a plane wave is given by

qµ = pµ +
a2

0 m2c4

2 (k · p)
kµ (2.4)

where pµ is particle 4-momentum outside of the wave, m is the particle mass kµ is the
wave 4-vector and k · p stands for the scalar product kµ p

µ

. In the presence of a field
like this, the conservation laws apply to the quasi-momentum instead of the initial 4-
momentum of the particles. As a consequence of modified 4-momentum, the effective
mass of the particle in a background plane wave becomes

m2
⇤ = m2(1 + a2

0). (2.5)

At a0 � 1, the probabilities of the processes in a plane wave reduce to the ones in
constant electric and magnetic fields where ~E ? ~B and E = B. These probabilities
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depend on the parameter c, and also on the field invariants f = F2
µn

/E2
s and g =

F⇤
µn

F
µn

/E2
s . If the conditions:

f , g ⌧ 1; f , g ⌧ c

2 (3.6)

are satisfied, the QED probabilities can be considered a function of c only and the
contribution of the invariants f , g can be neglected. The first condition in (3.6) is
trivially satisfied because all the fields we can achieve are orders of magnitude smaller
than the Es, while the second condition depends on the particle energy and is more
easily satisfied for relativistic particles [124].

The interaction of an electron with the field of an intense electromagnetic wave
leads to effects that have a nonlinear dependence on the photon number density if
a0 & 1, and to nonlinear quantum effects if c & 1. The simplest example of such a
process is the photon emission by an electron which has a classical limit.

Many different QED processes can occur in the presence of strong field. However,
in this work, we are interested in studying the processes with highest probability in
QED cascades [133]. These are photon emission by particles in a strong electromag-
netic field and the Breit-Wheeler pair production by energetic photons in the presence
of the strong field. Other possible processes such as the trident process [134] or spon-
taneous pair production in vacuum (described by Eq. (3.2)) have substantially lower
probability rates and therefore will not be considered here.

The c parameter determines if classical or QED interactions dominate the physics
and was defined by Eq. (3.3) for electrons, but this definition can be extended to pho-
tons by using the wave 4-vector kµ instead of particle 4-momentum pµ:

c

g

=

q
(h̄k

µ

Fµn)2

Es mc
. (3.7)

For electrons, we can also express ce as a function of 3-vectors and the background
electric and magnetic field vectors:

ce =
1
Es

s✓
g
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mc
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◆2
. (3.8)

The differential probability rate of photon emission by nonlinear Compton scatter-
ing is then given [135–137] by

d2P
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where c̃ = 2x/(3ce(1 � x)) and x = c

g

/ce. This gives a total radiated power of
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similar as in [66], but our example has more significant radiation reaction.

The condition (2.34) is satisfied in most physical scenarios of interest. In particular,
for laser pulses, the inequality (2.34) is satisfied if a0g � 1, which is true in all the
scenarios where radiation reaction is significant. The authors in [87] have confirmed
this by comparing the contribution of the particle spin and the contribution of radia-
tion reaction force arising from d~B/dt and d~E/dt in the plane wave scenario. In this
comparison, the spin gives a bigger contribution. In the classical regime that we are
addressing here, the spin contribution is negligible, and so are the contributions of
d~B/dt and d~E/dt.

Therefore, any of the proposed models can be used to describe the classical radia-
tion reaction dominated regime.

2.3.3 TESTING THE ROLE OF CLASSICAL RADIATION REACTION WITH THE
DYNAMICS OF ELECTRONS IN INTENSE LASER PULSES

In order to examine the role of classical radiation reaction in scenarios with intense
laser pulses and to determine the conditions where such models should be used we
consider the dynamics of a single electron interacting with a laser pulse. This is one of
the main scenarios where radiation reaction can be explored [109,110] and of very high
relevance for future laser facilities [77,82,84,87,90,111]. We stress that all the radiation
reaction models considered give the same electron trajectories in a laser pulse. The
results presented in this and Section 2.3.4 are obtained with the LLR model.

The laser pulse normalised vector potential is written as [112]:

~A(x, t) = a0 f (t) cos f~ey (2.35)

where the temporal envelope f (t) is a slowly varying function relative to the laser cy-
cle (d f /dt ⌧ w0 f ). We choose a polynomial function 10x3 � 15x4 + 6x5 in the domain
[0,1] to define the envelope rise. The relativistically invariant normalised vector po-
tential a0 can be related to the wave intensity through a0 = 0.8

p
I[1018 W/cm2]l[µm].

In the field of a linearly polarized laser pulse, a charged particle undergoes quiver
motion. Without the radiation reaction force, the total particle energy remains un-
changed after the interaction with the laser pulse due to the canonical momentum
conservation. With radiation reaction, the total energy can suffer a big loss.

If we consider a circularly polarized laser pulse instead, the situation is similar. In
Fig. 2.9 this is illustrated for a linearly and circularly polarized laser with identical
temporal envelopes and the same intensities (aLP

0 = 100, aCP
0 = 100/

p
2, l0 = 1µm).

The initial normalised momentum of the particle is p0 = 100, opposite to the laser
propagation direction. The total energy that the particle loses while interacting with
the laser is about 30% and is the same for the linearly and the circularly polarized case.

Counter-propagation

Co-propagation

Interaction at 90 deg.

But, the interaction at 90 degrees has only a factor of two lower electron chi
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 Standing wave configurations for QED cascades
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Laser absorption in QED cascades
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A simple model for laser absorption
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When does the laser absorption become important ?

a) the absorption time is bigger than half of 
the pulse duration → fraction of the pulse 
can escape

b) the absorption time is smaller than half of 
the pulse duration → the reflected wave can 
reform a standing wave
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Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each configuration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
figure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion efficiency as a function of the laser inten-
sity is shown in figure 6(a) for Setup B, that is the most effi-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in figure  6(b). The 
laser-to-photon energy conversion is more efficient in the four 
laser configuration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in figure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion efficiency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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cient converter of laser energy to high-frequency radiation. 
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understood from the polar plot in figure 6(c), where only the 
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be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
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The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
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This gives three possibilities: all lasers polarised ‘out of the 
plane’ (Setup A in figure 1), all lasers ‘in the plane’ (Setup 
B) or one pair polarised ‘out of the plane’, and the other pair 
‘in the plane’ (Setup C).

In a previous work that proposed planar configurations 
of multiple laser pulses for spontaneous pair creation from 
vacuum, all the lasers are polarised ‘out of the plane’ [28], as 
in Setup A. This is a natural choice because such configura-
tions maximise the value of the peak electric field, where for 
the same total available energy a higher number of laser pulses 
always leads to a more intense electric field. As one can expect 
that the highest particle energies are achieved in the presence 
of the strongest electric field, this should, in principle, also 
lead to a highest growth rate in a Breit–Wheeler cascade, as 
the quantum nonlinearity parameter χe is directly proportional 
to the particle energy for relativistic particles. But, as we will 
see later, there are subtle differences between the cascade 
dynamics in configurations A, B and C that can cause another 
configuration to have a higher overall multiplicity (number 
of electron–positron pairs created per single seed electron). 
Recently, elliptical polarisation has been proposed for QED 
cascades with n lasers distributed within a plane [29]. It was 
demonstrated that, due to tight focusing, not more than eight 
lasers can be used for this setup. Average χe has been esti-
mated analytically and used as a criterion to select optimal 
ellipticity, later shown by Monte-Carlo simulations to be more 
efficient than circular polarisation. It is worth noting that in 
literature, circular polarisation has been identified as optimal 
for two-laser cascades [16, 37]. However, seeding of the cas-
cade in realistic conditions accounting for tight focusing and 
multi-dimensions sometimes leads to different conclusions 
[26, 27].

For electron–positron cascade configurations with linearly 
polarised lasers A–C displayed in figure 1, the definitions of 
the different standing waves are given in the appendix. We 

assume the phase difference between one pair of lasers is the 
same as the phase difference between the other pair. The con-
sequence of this is that the standing waves are synchronised; 
the electric field is maximum at the same time for all comp-
onents of the resulting standing wave. The benefit of using 
the same phase difference is the preservation of the inherent 
temporal separation of the electric and magnetic-dominated 
part of the cascade that is produced by linearly polarised 
lasers [37]. Nonetheless, we will discuss what is modified 
by unequal phase differences between the pulses later in the 
manuscript.

3. Cascade growth rates in an unperturbed  
plane wave

There is not yet a well-established way to estimate analyti-
cally the growth rate for pair cascades in the field of linearly 
polarised laser pulses. Several models exist for cascades in 
the fields of two counter-propagating circularly polarised 
lasers [18, 21, 27, 41, 42]. In [24] an empirical expression was 
derived for the case of two colliding linearly polarised lasers. 
Here, we modify the model of [24] to account for cascades 
with multiple linearly polarised laser pulses. Later, we com-
pare the predictions of the extended model with simulations of 
four-laser QED cascades.

The growth rate in a two-laser standing wave averaged over 
the laser cycle for linear polarisation is given by [24]:
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where ħ/( )τ = mcc
2 , ħ/( )α = e c2 , m is the electron mass and e 

represents the elementary charge. Parameters γ̄ and χ̄e denote 
the effective values of the Lorentz factor and the quantum 
nonlinearity parameter of the pairs at the moment of radiation 

Figure 1. Setup: a thin cryogenic ice target is placed in the focus of four lasers. A pair of lasers propagates along the x-axis, and another 
pair along the y-axis. In Setup A, the lasers are all polarised perpendicularly to the x-y plane of motion (the illustrations on the right hand 
side show the laser electric field); Setup B corresponds to all lasers polarised within the plane of motion, while Setup C is composed of a 
pair of lasers polarised within the plane, and another pair outside of the plane.
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Since photons are created at one location, and later decay into 
pairs in a different location, this Setup facilitates forming a 
thicker region of pair plasma with a lower peak plasma den-
sity. On the contrary, in Setup A photons predominantly prop-
agate in the z-direction, which makes them decay with x and 
y coordinates similar to the position where they were emitted. 
This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each configuration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
figure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
that the cascade shuts down later for Setup B than for others. 
Additionally the fact that the plasma covers the entire laser 
spot provides conditions to absorb the laser energy later, over 
a wider area of space. During the laser depletion phase, the 

portions of the standing wave that remain can still accelerate 
electrons and positrons. The pairs continue to radiate photons 
that cannot decay anew into pairs due to the low intensity. 
Through this mechanism, most of the absorbed laser energy is 
permanently converted into energetic photons.

The conversion efficiency as a function of the laser inten-
sity is shown in figure 6(a) for Setup B, that is the most effi-
cient converter of laser energy to high-frequency radiation. 
For a0  =  800, the laser energy carried by the electrons and 
positrons is below 3% per species, while the remainder of 
the absorbed energy is converted to photons whose angularly 
resolved frequency spectrum is shown in figure  6(b). The 
laser-to-photon energy conversion is more efficient in the four 
laser configuration compared with the case previously studied 
with two colliding lasers [24]. The radiation at low energies 
is mostly isotropic, but the photons with highest energy are 
emitted along the diagonals of the xy-plane. This can be better 
understood from the polar plot in figure 6(c), where only the 
contribution of photons above 100 MeV is considered for the 
angular distribution of radiation. These photons account for 
25% of the total emitted energy. Figure 6(a) shows that the 
energy conversion efficiency from lasers to hard photons can 
be as high as 75% for a0  =  2000.

If we introduce a temporal delay between the Ex and Ey 
components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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This results in a very localised cascade, that can quickly pro-
duce a high number of particles in the regions with the highest 
χe. Setup C produces a cascade localised in x, but spreading 
over the entire spot size in the y-direction.

As a consequence, the relativistic critical density plasma 
( ∼′n a nc 0 c) is achieved at different times for different Setups. 
Figure  5 shows the pair density and the electromagnetic 
energy density for each configuration. At  ω= −t 70 0

1, when 
the lasers overlap, regions of relativistically critical plasma 
density are already formed for Setups A and C, whereas the 
critical plasma is formed later for Setup B. Around the rela-
tivistic critical density regions, the lasers are almost fully 
depleted at  ω= −t 70 0

1. However, in Setup B, the same total 
amount of energy is absorbed by the plasma at  ω= −t 70 0

1 (see 
figure  4(c)) in a more uniform manner. The standing wave 
structure survives, but its amplitude is lower. The result is 
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components of the standing wave, some of the above conclu-
sions related to Setup B change. For example, if Ex and Ey 
are out of phase ( ω∼E tsinx 0 , ω∼E tcosy 0 ), the maximum 

Figure 5. (a), (b) Pair plasma density ne in units of non-relativistic critical density nc for Setup A at two instants of time. Here a0  =  800. 
The plasma is expected to become fully opaque to the laser light when the cascade reaches the relativistically critical density  >n n800e c. 
These regions are coloured red. (c), (d) Electromagnetic energy density for Setup A. The regions where high fraction of laser energy is 
depleted indeed do correspond to the regions where  >n n800e c. Vertically aligned panels show the same quantity at the same instant of 
time, but for a different Setup. Panels (e)–(h) refer to Setup B, and (i)–(l) to Setup C.
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y coordinates similar to the position where they were emitted. 
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This gives three possibilities: all lasers polarised ‘out of the 
plane’ (Setup A in figure 1), all lasers ‘in the plane’ (Setup 
B) or one pair polarised ‘out of the plane’, and the other pair 
‘in the plane’ (Setup C).

In a previous work that proposed planar configurations 
of multiple laser pulses for spontaneous pair creation from 
vacuum, all the lasers are polarised ‘out of the plane’ [28], as 
in Setup A. This is a natural choice because such configura-
tions maximise the value of the peak electric field, where for 
the same total available energy a higher number of laser pulses 
always leads to a more intense electric field. As one can expect 
that the highest particle energies are achieved in the presence 
of the strongest electric field, this should, in principle, also 
lead to a highest growth rate in a Breit–Wheeler cascade, as 
the quantum nonlinearity parameter χe is directly proportional 
to the particle energy for relativistic particles. But, as we will 
see later, there are subtle differences between the cascade 
dynamics in configurations A, B and C that can cause another 
configuration to have a higher overall multiplicity (number 
of electron–positron pairs created per single seed electron). 
Recently, elliptical polarisation has been proposed for QED 
cascades with n lasers distributed within a plane [29]. It was 
demonstrated that, due to tight focusing, not more than eight 
lasers can be used for this setup. Average χe has been esti-
mated analytically and used as a criterion to select optimal 
ellipticity, later shown by Monte-Carlo simulations to be more 
efficient than circular polarisation. It is worth noting that in 
literature, circular polarisation has been identified as optimal 
for two-laser cascades [16, 37]. However, seeding of the cas-
cade in realistic conditions accounting for tight focusing and 
multi-dimensions sometimes leads to different conclusions 
[26, 27].

For electron–positron cascade configurations with linearly 
polarised lasers A–C displayed in figure 1, the definitions of 
the different standing waves are given in the appendix. We 

assume the phase difference between one pair of lasers is the 
same as the phase difference between the other pair. The con-
sequence of this is that the standing waves are synchronised; 
the electric field is maximum at the same time for all comp-
onents of the resulting standing wave. The benefit of using 
the same phase difference is the preservation of the inherent 
temporal separation of the electric and magnetic-dominated 
part of the cascade that is produced by linearly polarised 
lasers [37]. Nonetheless, we will discuss what is modified 
by unequal phase differences between the pulses later in the 
manuscript.

3. Cascade growth rates in an unperturbed  
plane wave

There is not yet a well-established way to estimate analyti-
cally the growth rate for pair cascades in the field of linearly 
polarised laser pulses. Several models exist for cascades in 
the fields of two counter-propagating circularly polarised 
lasers [18, 21, 27, 41, 42]. In [24] an empirical expression was 
derived for the case of two colliding linearly polarised lasers. 
Here, we modify the model of [24] to account for cascades 
with multiple linearly polarised laser pulses. Later, we com-
pare the predictions of the extended model with simulations of 
four-laser QED cascades.

The growth rate in a two-laser standing wave averaged over 
the laser cycle for linear polarisation is given by [24]:
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where ħ/( )τ = mcc
2 , ħ/( )α = e c2 , m is the electron mass and e 

represents the elementary charge. Parameters γ̄ and χ̄e denote 
the effective values of the Lorentz factor and the quantum 
nonlinearity parameter of the pairs at the moment of radiation 

Figure 1. Setup: a thin cryogenic ice target is placed in the focus of four lasers. A pair of lasers propagates along the x-axis, and another 
pair along the y-axis. In Setup A, the lasers are all polarised perpendicularly to the x-y plane of motion (the illustrations on the right hand 
side show the laser electric field); Setup B corresponds to all lasers polarised within the plane of motion, while Setup C is composed of a 
pair of lasers polarised within the plane, and another pair outside of the plane.
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